We investigate the scaling behaviour of quenched Wilson twisted mass fermions at maximal twist applying two definitions of the critical mass. The first definition uses the vanishing of the pseudoscalar meson mass m PS while the second employs the vanishing of the PCAC quark mass m PCAC . We confirm in both cases the expected O(a) improvement. In addition, we show that the PCAC quark mass definition leads to substantially reduced O(a 2 ) cut-off effects even when the pseudoscalar meson mass m PS is as small as 270 MeV. At a fixed value of m PS we perform continuum limits for the vector meson mass m V and for the pseudoscalar decay constant f PS and discuss the renormalisation constant Z V of the vector current.
Introduction
Knowing the scaling behaviour of a given lattice action is an important step towards performing a controlled continuum limit of physical observables. The important result that Wilson fermions with a twisted mass term added [1] lead, at full twist, to an automatic O(a)-improvement of correlators [2] without the need of additional improvement terms makes it particularly interesting to test this formulation of lattice QCD with numerical simulations. In this paper we will use lattice spacings ranging from a = 0.05 fm to a = 0.17 fm and pseudoscalar meson masses from m PS = 1180 MeV down to m PS = 270 MeV in order to perform a detailed scaling test of Wilson twisted mass fermions. In this way, we extend a first scaling test [3] substantially. All our simulations presented here are done in the quenched approximation, see also [4, 5, 6, 7] for further quenched results of Wilson twisted mass QCD. Let us mention that also full QCD simulations with this approach have already been performed and proved to be very useful in studying the phase structure of lattice QCD with Wilson fermions [8, 9, 10, 11, 12] .
A basic ingredient to have automatic O(a)-improvement is the tuning of the bare quark mass to its critical value. In the language of twisted mass QCD (tmQCD) this procedure corresponds to fix the twist angle to π/2. In the present work, we will employ two definitions for the critical mass. The first is the point where the pseudoscalar meson mass vanishes, the second, where the PCAC quark mass vanishes. In the following we will refer to the first situation as the "pion definition" and to the second situation as the "PCAC definition" of the critical point. Both definitions should lead to O(a)-improvement, but they can induce very different O(a 2 ) effects, in particular at small pseudoscalar meson masses. Indeed, in ref. [4, 13] we reported that the pion definition can have substantial O(a 2 ) effects which are amplified when the quark mass becomes small and violates the inequality µ > aΛ 2 (where µ is the bare quark mass, i.e. the parameter which provides at full twist a mass to the pseudoscalar meson). On the other hand, when the PCAC definition of the critical mass is used, these particular kind of O(a 2 ) cut-off effects are dramatically reduced as was demonstrated in [5, 7] . The effect of reducing O(a 2 ) artefacts has been theoretically studied in chiral perturbation theory in refs. [14, 15] and put on a more general basis in ref. [16] .
In this paper, we employ the pion and the PCAC definitions of the critical mass to study the scaling behaviour of the pseudoscalar meson decay constant and the vector meson mass. The renormalisation constant Z V of the vector current is also presented for three values of the lattice spacing.
Wilson twisted mass fermions
Wilson twisted mass fermions can be arranged to be O(a) improved without employing specific improvement terms [2] . The Wilson tmQCD action in the twisted basis can be written as
where the Wilson-Dirac operator D W is given by
and ∇ µ and ∇ * µ denote the usual forward and backward derivatives. We refer to [4] for further unexplained notations. The definition of the critical mass m c will be discussed in detail in the next section.
We extract pseudoscalar and vector meson masses from the correlation functions at full twist (m 0 = m c ):
where we consider the usual local bilinears P a =ψγ 5
The untwisted PCAC quark mass m PCAC can be extracted from the ratio
Using the exact lattice PCVC relation
(where ∂ * µ is the lattice backward derivative,Ṽ a µ is the point-splitted vector current and O is a local lattice operator) we can also compute the pseudoscalar meson decay constant at maximal twist without requiring any renormalisation constant (see [17, 18, 3] ):
where m PS is the charged pseudoscalar mass and |P S denotes the corresponding pseudoscalar state. If one now is interested in using the local definition of the vector current V 
where∂ µ is the symmetric lattice derivative.
Definition of the critical mass
The Wilson tmQCD action of eq. (1) can be studied in the full parameter space (m 0 , µ). A special case arises, however, when m 0 is tuned to its critical value m c . In such, and only in such a situation, all physical quantities are, or can easily be, O(a) improved. The critical mass, or alternatively the critical hopping parameter κ c = (2am c + 8) −1 , has thus to be fixed in the actual simulation to achieve a twist angle of π/2.
One possible definition of κ c is to perform at vanishing twisted mass parameter an extrapolation of (m PS a) 2 → 0. However, as we said in the introduction, it leads to the presence of large lattice artifacts which are amplified at small quark masses. A better definition of κ c (which reduces this kind of O(a 2 ) artifacts) can be obtained by first determining at fixed non-zero twisted mass parameter the value of κ c (µa), where the PCAC quark mass of eq. (6) vanishes. The non-zero value of the twisted mass allows a safe interpolation in this case. As a further step, an only short linear extrapolation of κ c (µa) from small values of µa to µa = 0 yields a definition of κ c which is expected [14, 15, 16 ] to lead to O(a 2 ) lattice artefacts which remain small even at small masses. In ref. [5] we gave an example of such a computation of the critical mass and found that indeed the cut-off effects at small quark masses are substantially reduced when compared to results obtained from the pion definition of κ c .
Recently, a definition of maximal twist from parity conservation has also been investigated in [7] . There, the critical masses m c (µa) were not extrapolated to µa = 0, but were used at the respective twisted mass parameter at which they were determined.
Numerical results
In this section we will provide a comparison of Wilson twisted mass results for the pseudoscalar meson mass and the pseudoscalar meson decay constant as obtained using the pion and the PCAC definitions of κ c . Moreover we will present results for the vector meson mass and the renormalisation constant Z V as obtained using only the latter definition of κ c . Our simulations are performed for 6 different values of the lattice spacing, 0.05 ≤ a ≤ 0.17 fm. The fermion matrix was inverted for a number of bare quark masses in a corresponding pseudoscalar meson mass range In table 3 ).
the chosen values of m PS r 0 . These values are close to the simulated ones, and so even a linear interpolation is usually sufficient. Since we do not want to extrapolate out of the range of simulated masses, the lowest mass that can be reached is given by the highest value of m PS r 0 (in both sets of data) corresponding to µ 1 , which is given by the point at β = 6.45 with the pion definition of κ c . This point corresponds to m PS = 297 MeV * . In fig.1 we plot f PS r 0 as a function of (a/r 0 ) 2 for pseudoscalar masses in the range 297-1032 MeV, obtained with both definitions of κ c . For values of beta large enough, the values f PS r 0 show, with both definitions of κ c , a linear behaviour in (a/r 0 )
2 . This nicely demonstrates the O(a) improvement for both definitions of κ c . However, for the pion definition we notice that the effects in O(a 2 ) are rather large, in particular at small pseudoscalar meson masses of 297 MeV and 377 MeV. In contrast, the PCAC definition reveals an almost flat behaviour as a function of (a/r 0 ) 2 even at these small pseudoscalar meson masses. This confirms the results of [5] that the PCAC definition provides a better definition of the critical mass with substantially improved scaling properties of physical observables, especially at small quark masses. In order to take the continuum limit we identify the scaling region where the data are well described by corrections linear in (a/r 0 )
2 . This turns out to start at β = 6.0 with the pion definition of κ c and at β = 5.85 with the PCAC definition of κ c . The values in the continuum limit are obtained separately by performing linear fits to the data in these two regions. The results of these fits are shown in fig. 1 together with the data. It is very reassuring that these independent linear fits lead to completely consistent continuum values.
In view of the better scaling behaviour of the data obtained with the PCAC definition of κ c , for which the continuum extrapolation is safely under control already with data corresponding to values of β in the range [5.85 − 6.2], we decided to use only these data to obtain the final results in the continuum limit. As already said, data with the PCAC definition of κ c are affected by much smaller lattice artifacts at small masses. In particular the minimal pseudoscalar meson mass that corresponds * Throughout this work we use the value r 0 = 0.5 fm. [19] . Notice that for this action, due to the presence of exceptional configurations, the smallest pseudoscalar meson mass that could be simulated was above 550 MeV. In table 6 we also present the results of a linear extrapolation of our data to the chiral limit (performed on the six smallest masses) through which we compute the values of the pion and kaon decay constant f π and f K (the latter in the SU(3) symmetric limit). The ratio of the two gives f K /f π = 1.11(4), which is 10% smaller than what is obtained experimentally. This is however consistent with what was observed in previous quenched calculations [20] . The vector meson mass shows, in comparison to f PS , larger statistical fluctuations at small masses. This fact, together with the considerably larger lattice artifacts which affect the values obtained with the pion definition of κ c , makes the continuum extrapolation too difficult in this case. As a consequence we limit ourselves to (10) 0.0694(08) µ 6 a 0.2134 (14) 0.1402(11) 0.1025(10) 0.0751(08) µ 7 a 0.2358 (15) 0.1518(11) 0.1100(10) 0.0803(08) µ 8 a 0.1403 (13) 0.0983(12) 0.0734(11) 0.0548(11) µ 9 a 0.1589 (12) 0.1095(12) 0.0813(10) 0.0601(09) present only the data obtained with the PCAC definition of κ c . The vector meson mass has been extracted from the correlators eqs. (4) and (5) with local source and Jacobi-smeared sink [21] . We observe that the tensor correlator systematically shows smaller statistical fluctuations and thus we report in table 5 only results obtained from this correlator. In fig. 3 we show the results for the vector meson mass as function of (a/r 0 ) 2 . Again, even for small pseudoscalar meson masses, the behaviour of the vector meson mass is almost flat in (a/r 0 ) 2 , indicating that O(a 2 ) lattice artefacts are also small for this quantity. We perform linear fits of these data as function of (a/r 0 ) 2 which are represented by the lines in fig. 3 . The continuum extrapolated values for the vector meson mass are presented in table 6 and in fig. 4 . As a function of the pseudoscalar meson mass squared they show a linear behaviour without signs of qχPT artefacts. In fig. 4 we also plot the continuum values obtained with nonperturbatively improved Wilson fermions [19] .
In table 6 the results of a linear extrapolation (performed with the seven smallest masses) of our data to the chiral limit are given. Moreover, we use this extrapolation to compute the values of m ρ and of m K * (the latter in the SU(3) symmetric limit). As already observed in quenched calculations where the scale is determined through r 0 , these values turn out to be 10 − 15% larger than the experimental values. As a last quantity, we computed the renormalisation constant Z V which is defined in eq. (9) and is to be obtained in the chiral limit. This renormalisation constant is expected to be equal, apart from lattice artifacts, to the one obtained for pure Wilson fermions. Also in this case we do not consider data obtained with the pion definition of κ c . The reason is, as was shown in [4] , that in this case the lattice artifacts affecting Z V become very large at small masses, thus preventing the possibility of performing a reliable extrapolation to the chiral limit. Using the PCAC definition of κ c , lattice artifacts are well under control also at small quark masses (with the exception of β = 5.7 where we prefer not to perform the chiral extrapolation). In fig. 5 we provide one example of Z V as a function of the quark mass. It turns out that Z V is to a good approximation linear in (aµ)
2 . In table 7 we report the values of Z V extrapolated to the chiral limit together with the results from standard perturbation theory (SPT) [22] (where the parameter of the expansion is α 
Conclusions
In this paper, we have explored the potential of Wilson twisted mass fermions to reach small quark masses and fine values of the lattice spacing. Using the PCAC definition of the critical mass the scaling region is found to start already at β = 5.85, for the observables investigated here and for masses down to 270 MeV. In fact, with this definition of the critical mass, correlators, apart from being automatically O(a)-improved, are only affected by O(a 2 ) discretisation errors which remain small in the region of masses that satisfy the (order of magnitude) inequality µ > a 2 Λ 3 QCD . In the case of the pion definition the O(a 2 ) effects are instead small only in the region µ > aΛ 2 QCD and, as observed in [4] and in the present work, may become quite relevant at masses in the range 250-450 MeV and for the range of lattice spacings simulated here. In this case the scaling region starts, for masses down to 270 MeV, around β = 6.0. However, at the two smallest quark masses, we included a point at β = 6.45 in order to be sure that we can safely control the continuum limit extrapolation.
In the case of f PS we have explicitly checked that both definitions of the critical mass lead independently to consistent values in the continuum limit. For further simulations, the PCAC definition of κ c is clearly preferable as it leads to considerably smaller lattice artifacts at small quark masses, allowing for an enlargement of the scaling region.
The results of this paper clearly reveal that Wilson twisted mass fermions allow for simulations at pseudoscalar meson masses of about 250 MeV without running into problems with exceptional small eigenvalues or large lattice artefacts. This statement holds, when the PCAC definition of the critical mass is used. This is a very important lesson also for dynamical simulations, a lesson that we could only learn through the detailed quenched study performed here. In the dynamical case, however, small pseudoscalar meson masses are very difficult to simulate and further development of algorithms is still crucial. For example, modern variants of the Hybrid Monte Carlo algorithm allow to simulate pseudoscalar meson masses of about 380 MeV [24, 25] without hitting the "Berlin Wall" [26, 27] . We therefore believe that by using these algorithmic techniques together with Wilson twisted mass fermions at maximal twist, realised by tuning the twist angle through the PCAC definition of the critical mass, it becomes realistic to address the small quark mass region in full, dynamical lattice QCD.
We give here the algorithm explicitly again, since it has a different definition of ζ k n+1 compared to the one of [30] . This version allows to avoid roundoff errors when σ k = µ 2 k − µ 2 0 becomes too large. We remind that when using a MMS the eventual preconditioning has to retain the shifted structure of the linear system. This means for example that it is not compatible with even-odd preconditioning. 
